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SYMPLECTIC RIGIDITY OF FIBERS IN COTANGENT BUNDLES OF
RIEMANN SURFACES
LAURENT COˆTE´ AND GEORGIOS DIMITROGLOU RIZELL
Abstract. We study symplectic rigidity phenomena for fibers in cotangent bundles of Rie-
mann surfaces. Our main result can be seen as a generalization to open Riemann surfaces of
arbitrary genus of work of Eliashberg and Polterovich on the Nearby Lagrangian Conjecture
for T ∗R2. As a corollary, we answer a strong version in dimension 2n = 4 of a question
of Eliashberg about linking of Lagrangian disks in T ∗Rn, which was previously answered by
Ekholm and Smith in dimensions 2n ≥ 8.
1. Introduction
1.1. Statement of results. Let Σ be a connected, open Riemann surface of finite type and
genus g ≥ 0. We consider its cotangent bundle (T ∗Σ, dλcan), where λcan is the canonical 1-form.
Let Fx ⊂ (T ∗Σ, dλcan) be the cotangent fiber over some point x ∈ Σ, which is a Lagrangian
submanifold with respect to the symplectic form dλcan. We prove the following theorem.
Theorem 1.1. Let L ⊂ T ∗Σ be a Lagrangian submanifold which is diffeomorphic to R2 and
which agrees outside a compact set with the fiber Fx for some x ∈ Σ. Then L is Hamiltonian
isotopic to Fx through a compactly supported Hamiltonian isotopy.
Recall that a symplectic isotopy is said to be Hamiltonian if it is generated by a (time-
dependent) Hamiltonian vector field. Two Lagrangian submanifolds are said to be Hamiltonian
isotopic if there is a Hamiltonian isotopy of the ambient symplectic manifold carrying one
Lagrangian to the other. From the perspective of symplectic topology, it is natural to view
Hamiltonian isotopic Lagrangian submanifolds as the same.
The motivation for Theorem 1.1 is to exhibit symplectic rigidity phenomena for fibers in
cotangent bundles. Observe that cotangent bundles have two distinguished classes of La-
grangians, namely the zero section and the fibers. Arnold’s celebrated Nearby Lagrangian
Conjecture, which is one of the guiding problems of symplectic topology, asserts that any
closed exact Lagrangian submanifold in a cotangent bundle is Hamiltonian isotopic to the zero
section. This conjecture can be understood as a manifestation of symplectic rigidity for the
zero section. It is thus natural to search for manifestations of symplectic rigidity for cotangent
fibers.
It follows from work of Eliashberg–Polterovich [11] that any Lagrangian submanifold of
T ∗R2 which is diffeomorphic to R2 and agrees outside a compact set with a fiber is Hamil-
tonian isotopic to this fiber. In fact, due to the symmetry of T ∗R2, this is easily seen to be
equivalent to the Nearby Lagrangian Conjecture for T ∗R2, which is the statement that Eliash-
berg and Polterovich originally proved. From this perspective, Theorem 1.1 can be viewed as
a generalization of the work of Eliashberg–Polterovich. In particular, Theorem 1.1 recovers
the Nearby Lagrangian Conjecture for T ∗R2 as a special case.
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One intriguing source of symplectic rigidity for cotangent fibers, which was originally pro-
moted by Eliashberg (see [10]), comes from studying linking phenomena. Observe that if L
is a Lagrangian embedding of Rn into T ∗R2n which agrees outside a compact set with Fx for
some x 6= 0, and is disjoint from F0, then this embedding extends to a map
Sn → T ∗Rn − F0 → Rn − 0,
where the second map is the projection. Eliashberg asked whether this composition is null-
homotopic. This question was affirmatively answered by Ekholm and Smith in dimensions
2n ≥ 8; see [10, Thm. 1.1].
Observe that Eliashberg’s question is essentially asking whether L can be homotopically
linked with F0. It is therefore a statement of homotopical symplectic rigidity. The work of
Ekholm and Smith can thus be seen as complementary to the recent developments establishing
homotopical versions of the Nearby Lagrangian Conjecture (cf. [1] and the references therein).
One may ask whether similar homotopical rigidity results hold in more complicated exam-
ples. For instance, suppose that M is an orientable (possibly closed) manifold of dimension n
and let L ⊂ T ∗M be a Lagrangian embedding of Rn which agrees outside a compact set with
some fiber Fp. If L is disjoint from another fiber Fq ⊂ T ∗M , is the induced map Sn →M − q
nullhomotopic? It seems conceivable that some of the tools which have been useful for studying
homotopical versions of the Nearby Lagrangian Conjecture could also be applied to this type
of question.
By analogy with the “full” Nearby Lagrangian Conjecture, it is natural to ask whether the
above homotopical rigidity statements can be upgraded to the symplectic category. This leads
to the following much stronger version of Eliashberg’s original question.
Question 1.2. Suppose that M is an orientable (possibly closed) manifold of dimension n and
let L ⊂ T ∗M be a Lagrangian embedding of Rn which agrees outside a compact set with some
fiber Fp. If L is disjoint from another fiber Fq ⊂ T ∗M , is L Hamiltonian isotopic to Fp? If
so, can the isotopy be confined to the complement of Fq?
If Question 1.2 admits an affirmative answer, then a proof of this fact in all dimensions
seems out of the reach of current technology. Indeed, there is a general lack of methods for
constructing Hamiltonian isotopies between Lagrangians in symplectic manifolds of dimension
six and higher. This is reflected in the fact that the Nearby Lagrangian Conjecture is not known
for any cotangent bundle of dimension at least six. In contrast, the situation is more favorable
in dimension four where one can use certain pseudoholomorphic curve techniques which break
down in higher dimensions. In particular, the full Nearby Lagrangian Conjecture is known for
some low genus cases, namely for T ∗R2, T ∗(S1 × R), T ∗S2 and T ∗T2; see [8, 9, 11,15].
The following corollary of Theorem 1.1 implies that Question 1.2 indeed admits an affirma-
tive answer in dimension 2n = 4.
Corollary 1.3. Let Σ be a (closed or open) Riemann surface of finite type and genus g ≥ 0.
Let L be a Lagrangian submanifold which is diffeomorphic to R2 and which agrees outside a
compact with some cotangent fiber Fx, x ∈ Σ. If L ∩ Fy = ∅ for some y ∈ Σ, y 6= x, then L is
isotopic to Fx in the complement of Fy though a compactly supported Hamiltonian isotopy.
Note that Corollary 1.3 can be immediately deduced from Theorem 1.1 by removing Fy
from T ∗Σ.
Taking a slightly different perspective on Corollary 1.3, observe that it also implies the
following: a Lagrangian L which is diffeomorphic to R2 and which agrees with some fiber Fx
outside a compact set is Hamiltonian isotopic to Fx if it can be displaced from a single other
fiber. This hypothesis is of course necessary. For example, if we let τ(Fx) be the Dehn twist
SYMPLECTIC RIGIDITY OF FIBERS IN COTANGENT BUNDLES OF RIEMANN SURFACES 3
about the zero section of a cotangent fiber Fx ⊂ T ∗S2 for some x ∈ S2, then τ(Fx) and Fx are
obviously not isotopic via a compactly supported Hamiltonian isotopy. It would be interesting
to know whether the conclusion that L is Hamiltonian isotopic to Fx holds under the weaker
assumption that HF •(L,Fy) = 0.
To the best of our knowledge, Corollary 1.3 is the first result which describes Lagrangian
submanifolds up to Hamiltonian isotopy in cotangent bundles of closed Riemann surfaces of
genus g ≥ 2. In particular, the Nearby Lagrangian Conjecture is still open for such surfaces.
Pseudoholomorphic curve techniques have been particularly powerful for studying Lagrangian
submanifolds in symplectic 4-manifolds. However, these techniques have proved to be difficult
to apply in cases, such as cotangent bundles of Riemann surfaces of genus g ≥ 2, where the
symplectic manifold of interest does not come equipped with a natural foliation by pseudo-
holomorphic curves. Our arguments do not require such a foliation and are therefore more
widely applicable.
1.2. Remarks on the proof of Theorem 1.1. The bulk of the proof of Theorem 1.1 is
devoted to constructing a hypersurface Q˜ which contains L and satisfies some additional prop-
erties stated as (P1)–(P3) in Section 3.4. We explain in Section 3.4 how to use Q˜ to straighten
out L to a standard fiber, thus proving Theorem 1.1.
To construct the hypersurface Q˜, we use the theory of punctured pseudoholomorphic curves.
Roughly speaking, we start by constructing a hypersurface “with holes” in Section 3.2. Then,
in Section 3.3, we build a hypersurface Q by gluing moduli spaces of punctured pseudoholo-
morphic curves to fill the holes. Finally, we obtain Q˜ by an explicit modification of Q which
is described in Section 3.4.
As mentioned previously, Theorem 1.1 generalizes a celebrated result of Eliashberg and
Polterovich [11]. Morally, our approach is inspired by their work – in particular, the idea of
embedding L in a hypersurface is drawn from [11]. However, our implementation of this ap-
proach is substantially different, both in terms of the geometric content and of the holomorphic
curve theory. As a result, our proof of Theorem 1.1 is logically independent of [11], and does
not reduce to [11] in the special case of T ∗R2.
To give an idea of how our methods differ from those in [11], we remark that [11] relies
on studying moduli spaces of pseudoholomorphic disks with boundary in a totally-real sub-
manifold. In order to control the relevant moduli spaces, the authors introduce certain rather
intricate geometric constructions which fundamentally depend on the fact that they are work-
ing in R4 = T ∗R2. In contrast, our methods involve studying punctured pseudoholomorphic
curves. Our geometric setup is therefore quite different, and appears a posteriori to be more
flexible.
We remark that the development of the theory of punctured pseudoholomorphic curves
postdates [11]. This theory has proved extremely useful for studying Lagrangians in symplectic
4-manifolds (see e.g. [6, 9, 15]), as well as in many other areas in symplectic and contact
topology.
Acknowledgements. We thank Yasha Eliashberg and Cliff Taubes for helpful conversations.
Part of this work was carried out when the second author visited the Department of Mathemat-
ics at Stanford University in February 2019, and when the first author visited the Department
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2. Preparations for the proof of Theorem 1.1
In this section we collect preliminary material which is used in the arguments of Section 3.
More precisely, Section 2.1 contains foundational material in the theory of punctured pseudo-
holomorphic curves. Section 2.2 is devoted to constructing certain auxiliary almost-complex
structures which are needed later.
2.1. Punctured pseudoholomorphic curves. The theory of pseudoholomorphic curves in
symplectic manifolds was initiated by Gromov [13] and subsequently developed by many au-
thors. While this theory was originally restricted to closed curves, or to curves with boundary
in a Lagrangian or totally-real submanifold, much of it has subsequently been generalized to
pseudoholomorphic maps from punctured Riemann surfaces into symplectic manifolds with
cylindrical ends. This generalization plays an important role in many areas of symplectic
topology (such as Symplectic Field Theory, and the study of low-dimensional contact and
symplectic manifolds) and is used throughout this paper.
For the reader’s convenience, we collect in this section some foundational material in the
theory of punctured pseudoholomorphic curves. Our presentation is entirely tailored to the
needs of our paper and most of the definitions and results we state are special cases of more
general statements. We refer the reader to [24] for a highly-readable introduction to the theory
of punctured pseudoholomorphic curves.
Definition 2.1. A manifold W with a negative (or concave) cylindrical end modeled on
(Y, ker λ) consists in a datum (W,Y, λ, e) where
• W is an open manifold of dimension 2n ≥ 2,
• (Y, ker λ) is a contact manifold of dimension 2n− 1,
• e is a proper embedding
e : (−∞, N ]× Y →W
for some N ∈ R.
We say that the negative end is non-degenerate (resp. Morse-Bott) if λ is a non-degenerate
contact form (resp. a Morse-Bott contact form, see [2, Def. 1.7]). By abuse of terminology, we
will often refer to some manifold W as having a negative cylindrical end modeled on (Y, ker λ)
without specifying the embedding e.
In practice, the notion of a manifold with a negative cylindrical end is only useful when this
manifold carries extra structure which is well-behaved with respect to the cylindrical end.
Definition 2.2. Suppose that (W,Y, λ, e) is a manifold with a negative cylindrical end modeled
on (Y, ξ = ker λ).
Given an almost-complex structure J on W , we say that (W,J) is an almost-complex man-
ifold with a negative cylindrical end if
(2.1) e∗(J) = Jˆλ := Rλ ⊗ dt− ∂t ⊗ λ+ Jλ,
where Jλ : ξ → ξ is an almost-complex structure which is compatible with dλ|ξ .
Given a symplectic form ω onW , we say that (W,ω) is a symplectic manifold with a negative
cylindrical end if
(2.2) e∗ω = d(etλ).
Remark 2.3. We do not require Y to be compact or connected in the above definitions. It is
however sometimes more convenient to talk about manifolds with negative ends, where each
end is assumed to be connected. One can also consider manifolds endowed with positive and
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negative cylindrical ends (see e.g. [24, Sec. 3.2]), although we do not consider such structures
in this paper. All of these notions are obvious adaptations of Definitions 2.1 and 2.2.
The main examples which will be relevant in this paper are the following.
Example 2.4. Let (L, g) be a Riemannian manifold and let (T ∗L, λcan) be the cotangent
bundle of L, endowed with its canonical Liouville structure. The Liouville vector field is
transverse to the sphere bundle S∗ǫ,gL := {ζ ∈ T ∗L | ‖ζ‖g = ǫ} for any ǫ > 0. This implies
that (S∗ǫ,gL, λ) is a contact manifold, where λ denotes the restriction of λcan. It is well-known
[12, Sec. 1.5] that the Reeb orbits are in bijective correspondence with the geodesics of (L, g).
The Liouville flow furnishes a proper embedding
(2.3)
(
(−∞, 0]× S∗ǫ,gL, d(etλ)
)→ (T ∗L− L, λcan),
which makes (T ∗L− L, dλcan) into a symplectic manifold with a negative cylindrical end.
Example 2.5. Let (M,ω) be an arbitrary symplectic manifold and let L ⊂M be a Lagrangian
submanifold. Fix a Weinstein embedding φ : Op(0L) → M , where Op(0L) ⊂ T ∗L is a neigh-
borhood of the zero section. Given a Riemannian metric g on L and ǫ > 0 small enough,
we may precompose φ with the embedding (2.3), thus endowing (M − L,ω) the the structure
of a symplectic manifold with a negative cylindrical end. Note that this structure of course
depends on φ, g, ǫ.
Definition 2.6. Let (W,J) be an almost-complex manifold with (non-degenerate, Morse-Bott)
cylindrical ends. A punctured pseudoholomorphic curve is a map u : Σ˙ → W satisfying the
Cauchy-Riemann equations
du ◦ j = J ◦ du.
Here Σ˙ = Σ− Γ, where Σ is a compact Riemann surface (always assumed in this paper to be
without boundary) and Γ ⊂ Σ is a finite set of punctures. Two punctured pseudoholomorphic
curves (Σ, j,Γ, u), (Σ′, j′,Γ′, u′) are equivalent if there exists a holomorphic map φ : (Σ, j,Γ)→
(Σ′, j′,Γ′) such that u′ ◦ φ = u.
In general, punctured pseudoholomorphic curves can be rather badly behaved. However, in
this paper, we will only consider punctured pseudoholomorphic curves which are asymptotically
cylindrical. This property means that the curve converges exponentially near each puncture to
a (trivial cylinder over) a Reeb orbit. We refer to [24, Sec. 1.1] for a precise definition, which
will not be needed for our purposes. More generally, it is also useful to consider asymptotically
cylindrical smooth maps. These are defined in the same way except that they are not required
to be pseudoholomorphic.
An asymptotically cylindrical punctured pseudoholomorphic curve with domain Σ˙ = C will
be referred to as a (pseudoholomorphic) plane.
Most foundational results in the theory of closed pseudoholomorphic curves in symplectic
manifolds have been generalized to the punctured setting. We briefly mention some of these.
• The usual notion of energy when discussing punctured pseudoholomorphic curves is
called the “Hofer energy” (see [14] and [25, Sec. 1]). The Hofer energy depends on the
cylindrical structure of the ambient manifold. However, when the target manifold has
no positive ends (as is always the case in this paper), the Hofer energy is controlled by
the (ordinary) symplectic area [7, Appendix].
• It can be shown that finite energy curves in symplectic manifolds with (non-degenerate,
Morse-Bott) cylindrical ends are automatically asymptotically cylindrical (see [25,
Thm. 9.6]). In fact, there are explicit formulas describing the asymptotic behavior
6 LAURENT COˆTE´ AND GEORGIOS DIMITROGLOU RIZELL
of such curves (see [17,18,20,21] as well as [24, Sec. 3.2]) which play an important role
in the theory.
• The generalization of Gromov’s compactness to the punctured setting is the so-called
SFT compactness theorem [3,5]. If (W,ω, J) is simultaneously a symplectic and almost-
complex manifold with a negative (non-degenerate, Morse-Bott) end, and if ω tames
J (see [24, Def. 1.7]), then this theorem implies that a sequence of punctured curves
with uniformly bounded symplectic area converges to a so-called pseudoholomorphic
building (a building is, roughly speaking, a finite collection of curves which satisfy
various compatibility conditions [3, Sec. 7-9]).
• The functional-analytic setup for constructing moduli spaces of punctured pseudoholo-
morphic curves is described in [23, Sec. 3.2]. As usual, there is a notion of a curve being
regular or transversally cut out, which essentially means that the nonlinear Cauchy-
Riemann operator ∂J , viewed as a section of an appropriate infinite dimensional vector
bundle, intersects the zero section transversally at this curve. Since the details of the
setup will not be relevant in this paper, we do not discuss them further here.
In this paper, we will be considering pseudoholomorphic planes in an almost-complex man-
ifold with a Morse-Bott negative cylindrical end. When considering moduli spaces of such
planes, one needs to specify whether the planes converge to a fixed Reeb orbit at the puncture,
or whether we allow them to converge to any Reeb orbit in a Morse-Bott family. We speak
respectively of a constrained or unconstrained puncture (cf. [23, Def. 1.1]).
Unless otherwise specified, we always assume in this paper that the punctures are un-
constrained. In fact, the only place in this paper where we need to consider curves with a
constrained puncture occurs in Lemmas 3.1 and 3.2.
We now state the index formula for pseudoholomorphic planes in manifolds with a negative
cylindrical end.
Definition 2.7. Let (W,J) be an almost-complex manifold with a (non-degenerate, Morse-
Bott) negative end modeled on (Y, λ). Let Φ be a trivialization of ξ = ker λ, which can also
be viewed as a trivialization of TW over the negative end by taking {∂t, Rλ} ⊕ Φ.
Let u : (C, j) → (W,J) be a pseudoholomorphic plane asymptotic to a Reeb orbit γ. Let
cΦ1 (u) denote the first Chern number of u
∗TW with respect to Φ, i.e. the signed count of zeros
of a generic section of det(u∗TW ) which is constant at infinity with respect to Φ. Let µΦCZ(−)
be the Conley-Zehnder index of an asymptotic operator, as defined in [23, Sec. 2.1].
The index of u is defined as follows (see [23, (1.1)]):
(2.4) ind(u) = −1 + 2cΦ1 (u∗TW )− µΦCZ(Aγ + c),
where c = δ · Id if the puncture is unconstrained and c = −δ · Id if the puncture is constrained,
for δ > 0 small enough. The index is independent of the choice of trivialization and of δ > 0
provided that δ is small enough.
Remark 2.8. Suppose that u is a pseudoholomorphic plane whose asymptotic orbit γ is con-
tained in a Morse-Bott manifoldXMB (see [23, Sec. 1.1]). Then the difference between the index
in the unconstrained case and the index in the constrained case is precisely (see [23, (3.3)])
(2.5) µΦCZ(Aγ − δ · id)− µΦCZ(Aγ + δ · id) = dim(XMB)− 1.
This matches our intuition that the unconstrained moduli space has additional degrees of
freedom corresponding precisely to the dimension of the Morse-Bott family. (Note that
dim(XMB) = 1 if and only if XMB is an isolated Reeb orbit).
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Definition 2.9. Let (W,J) be an almost-complex manifold with (non-degenerate, Morse-Bott)
cylindrical ends. Let u : Σ˙ → (W,J) be an asymptotically cylindrical punctured pseudoholo-
morphic curve. The normal Chern number cN (u) ∈ 12Z can be interpreted as the first Chern
number of the normal bundle and is defined as follows (see [23, (1.2)]):
(2.6) 2cN (u) = ind(u)− 2 + 2g +#Γ0.
Here #Γ0 is a count of even punctures (see [23, Sec. 3.2]) which is either 0 or 1 if u is a
plane, and depends on whether the puncture is constrained or unconstrained.
Remark 2.10. The terms appearing on the right hand side of (2.4) and of (2.6) are purely
topological quantities, as can be verified from the definitions. In particular, they make sense
for asymptotically cylindrical smooth maps, and invariant under homotopies through such
maps. It follows that the index and normal Chern number are also well-defined for arbitrary
asymptotically-cylindrical smooth maps and invariant under homotopies through such maps
(cf. [24, Sec. 3.4]).
The intersection theory for punctured pseudoholomorphic curves in almost-complex mani-
folds of dimension 4 with cylindrical ends was developed by Siefring [20] in the non-degenerate
case, and by Siefring–Wendl [22] in the Morse-Bott case.1 We refer to [24] and [26, Appendix
A.3] for an overview of this theory in both the non-degenerate and Morse-Bott settings.
Fact 2.11 (Siefring intersection number; see A.3 in [26] and [24]). Suppose that (W,J) is an
almost-complex 4-manifold with non-degenerate or Morse-Bott cylindrical ends. Let u : Σ˙ →
W,v : Σ˙′ →W be asymptotically cylindrical smooth maps. The Siefring intersection number
u ∗ v ∈ Z
satisfies the following properties:
(1) u∗v is invariant under homotopies of u and v through asymptotically cylindrical smooth
maps;
(2) if u, v are disjoint and do not share any asymptotic orbits, then u ∗ v = 0.
The Siefring intersection theory in almost-complex 4-manifolds is particularly powerful when
coupled with the following two results, which we refer to as the adjunction formula and auto-
matic transversality. The adjunction formula was originally proved by Siefring [20, Sec. 4.2]
(in the non-degenerate case) and the automatic transversality result is due to Wendl [23].
Fact 2.12 (Adjunction formula; see A.3 in [26]). Suppose that (W,J) is an almost-complex
4-manifold with non-degenerate or Morse-Bott cylindrical ends. Let u : (Σ˙, j) → (W,J) be
a somewhere injective, asymptotically cylindrical punctured pseudoholomorphic curve, where
Σ˙ = Σ− Γ. Then
(2.7) u ∗ u = sing(u) + 2cN (u) +
∑
z∈Γ
cov∞(z).
Each of the terms on the right-hand side of (2.7) is non-negative and invariant under homo-
topies of u through asymptotically cylindrical smooth maps. The terms cov∞(−) vanish in case
the asymptotic orbits of u are simply-covered. Moreover, u is embedded if sing(u) = 0.
1At the time of writing, this work is still in preparation. However, the fact that one can extend Siefring’s
intersection theory to the Morse-Bott setting is widely accepted by experts, and has already been used in many
applications.
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Fact 2.13 (Automatic transversality; see Thm. 1 in [23]). Let (W,J) be an almost-complex
4-manifold with non-degenerate or Morse-Bott cylindrical ends. Suppose that u : Σ → W is
a non-constant, asymptotically cylindrical punctured pseudoholomorphic curve which is im-
mersed. If
ind(u) > cN (u),
then u is regular.
2.2. Construction of some auxiliary almost-complex structures. In this section, we
explicitly construct certain almost-complex structures which will be needed later on. The
constructions are not very illuminating, so the reader may wish to skip directly to Section 3.2
and return to this section when the need arises.
We write T ∗(S1 × R) = R/(2πZ) × R3 with coordinates (θ, t, r, s) and symplectic form
ωcan := dt ∧ dθ + ds ∧ dr. The zero section 0S1×R is given by {t = s = 0}.
We consider constants C1 > 100 and ǫ˜ < 1/100 which will be fixed in Section 3.2.
Let
Sǫ˜ := {(θ, t, r, s) | ‖(t, s)‖ = ǫ˜} ⊂ T ∗(S1 × R),
where the norm is induced by the standard flat metric on S1×R. Letting V = t∂t+s∂s denote
the radial Liouville vector field, Sǫ˜ is a contact manifold with respect to α := iV ωcan. Letting
t = ǫ˜ cosφ and s = ǫ˜ sinφ for φ ∈ R/(2πZ), we have natural coordinates (θ, r, φ) for Sǫ˜ and we
compute that α = ǫ˜(sin φdθ + cosφdr).
For u ∈ (−1/2, 1/2), let f(u) =
√
C21 + 2u and consider the embedding
F : {t ∈ (−1/2, 1/2)} ⊂ R/(2πZ)× R3 → R4
(θ, t, r, s) 7→ (f(t) cos(θ), f(t) sin(θ), r, s).
It is straightforward to check that F is in fact a symplectic embedding. Letting j denote the
standard complex structure on R4, one computes that
(2.8) F ∗(j) = dF−1 ◦ j ◦ dF =


0 1/(C21 + 2t) 0 0
−(C21 + 2t) 0 0 0
0 0 0 1
0 0 −1 0

 .
For i = 1, 2, fix smooth functions ρi : (R/2πZ) × R3 − {t = s = 0} → R which satisfy the
following properties:
• ρi > 0,
• ρi = ǫ˜‖(t, s)‖ if ‖(t, s)‖ ≤ ǫ˜,
• ρ1 = C21 + 2t if ‖(t, s)‖ ≥ 2ǫ˜,
• ρ2 = 1 if ‖(t, s)‖ ≥ 2ǫ˜.
It’s clear that functions satisfying the above properties exist.
We let J0 be the unique almost-complex structure on T
∗(S1×R)−0S1×R = (R/2πZ)×R3−
{t = s = 0} which satisfies J0(∂θ) = −ρ1∂t and J0(∂r) = −ρ2∂s.
Lemma 2.14. The almost-complex structure J0 is cylindrical with respect to the canonical
symplectic embedding
ι : ((−∞, 0]× Sǫ˜, d(eτα)) →֒ (T ∗(S1 × R)− 0S1×R, ωcan)
induced by the Liouville flow, where τ is the variable corresponding to (−∞, 0].
Proof. By explicit computation, we find that ι∗(J0)(∂τ ) =
1
ǫ˜ (cosφ∂θ + sinφ∂r) = Rα and that
ι∗(J0)(
1
ǫ˜ sinφ∂θ + cosφ∂r) = ∂φ. Since kerα = span{sinφ∂θ + cosφ∂r, ∂φ}, this proves the
claim. 
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We also record the following fact, which is an easy computation using the definition of the
Conley-Zehnder index in [23, Sec. 1.1]. We do not give a proof since an essentially identical
computation can be found in [16, Appendix A].
Lemma 2.15. Consider the trivialization Φ of kerα given by Φ = {sinφ∂θ + cosφ∂r, ∂φ}.
Consider the Morse-Bott family of Reeb orbits X1 = {φ = 0} ⊂ Sǫ˜ and let γ ⊂ X1 be a closed
Reeb orbit. For δ > 0 small enough, we have
(2.9) µΦCZ(Aγ + δ · id) = 0.

In the sequel, we let Jcyl be the unique almost-complex structure on R× Sǫ˜ which satisfies
Jcyl(∂τ ) = Rα and Jcyl(
1
ǫ˜ sinφ∂θ + cosφ∂r) = ∂φ.
We now define an almost-complex structure J˜ on R4 − {x21 + y21 = C1, y2 = 0} by setting
J˜ =
{
F∗(J0) on ImF ({‖(s, t)‖ ≤ 3ǫ˜})
j otherwise.
It’s straightforward to check using (2.8) that J˜ is well-defined and smooth.
Lemma 2.16. The almost-complex structure J˜ is compatible with the standard symplectic form
ω.
Proof. It is enough to prove that J˜ is compatible with ω at points F (p) ∈ R4 − {x21 + y21 =
C1, y2 = 0} where p ∈ {‖(s, t)‖ ≤ 2ǫ˜}. One first observes that the splitting Tφ(p)R4 =
span{∂x1 , ∂y1} ⊕ span{∂x2 , ∂y2} induces a splitting
(F∗(J0))φ(p) = J
1
0 ⊕ J20 .
Observe that ω also splits as ω = ω1⊕ω2. Hence we only need to check that Jk0 is compatible
with ωk for k = 1, 2. This is true for dimension reasons. 
Let us now switch gears and discuss a general procedure for constructing a canonical almost-
complex structure on the cotangent bundle of a Riemannian manifold. This procedure will
be useful to us in the next section. It is originally due to Sasaki and we refer the reader to
[19, Sec. 1.3–1.4] for a detailed exposition.2
Let (M,g) be a Riemannian manifold. The Levi-Civita connection induces a splitting
TT ∗M = H⊕ V,
where H,V are respectively the horizontal and vertical distributions. Given θ ∈ T ∗M , let us
consider a pair of linear maps:
(dθπ)
♭ : TθT
∗M → T ∗π(θ)M, Kθ : TθT ∗M → T ∗π(θ)M.
Here (dθπ)
♭ denotes the differential of the canonical projection π : T ∗M → M , composed
with the musical isomorphism TM → T ∗M . The map Kθ is the connection map and is defined
as follows. Given θ ∈ T ∗M and ξ ∈ TθT ∗M , choose a path γ : (−1, 1) → TT ∗M such that
γ(0) = θ and γ˙ = ξ. Letting α := π ◦ γ, we can write γ = (α(t), Z(t)), where Z is a covector
field along α. Now define
K(q,p)(θ) := ∇α˙Z(0).
2Some conventions in [19] are different from ours: in particular, the symplectic form on the cotangent bundle
and the metric-induced almost-complex structure both differ by a sign. We also note that although [19] mainly
considers tangent bundles, all of the relevant constructions commute with the musical isomorphisms so this
distinction is entirely superficial.
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Lemma 2.17. The maps (dθπ)
♭ and Kθ are linear and surjective. Moreover, we have ker(dθπ)
♭ =
Vθ and kerKθ = Hθ.

Thus we obtain identifications (dθπ)
♭ : Hθ → T ∗π(θ)M and Kθ : Vθ → T ∗π(θ)M . Writing
TθT
∗M ∋ ξ = (ξ1, ξ2) ∈ T ∗π(θ)M ⊕ T ∗π(θ)M,
where the identification ξ = (ξ1, ξ2) is induced by ((dθπ)
♭,Kθ), we define Jg : TT
∗M → TT ∗M
by Jg(ξ1, ξ2) = (ξ2,−ξ1).
This almost-complex structure is compatible with ω = dλ. Observe that if g is Euclidean
metric on Rn, then the above construction just gives back the standard integrable complex
structure on T ∗Rn ≃ R2n.
The following lemma will be useful in the next section.
Lemma 2.18. For r > 0, hypersurface Sr := {x ∈ T ∗M | ‖x‖g = r} is pseudoconvex (see
[4, Sec. 2.3]) for the almost-complex structure Jg.
Proof. Consider the function H : T ∗M → R defined by H(q, p) := 12〈p, p〉g. It is an easy
exercise (see [4, Sec. 2.8]) to show that the condition for the level sets of H to be pseudoconvex
is the same as the condition for ker dH ◦ Jg to be a contact structure. But note that given
ξ ∈ T(q,p)T ∗M , we have dH ◦ Jg(ξ) = 〈K(Jξ), p〉g = 〈(dθπ)♭(ξ), p〉g = λcan(ξ); cf. [19, Prop.
1.21 and Def. 1.23]. Hence λcan = dH ◦Jg, so it suffices to check that λcan restricts to a contact
structure on Sr. This is in turn a consequence of the fact that the radial Liouville vector field
is transverse to Sr. 
3. Proof of Theorem 1.1
As in the statement of Theorem 1.1, we let Σ be a non-compact Riemann surface of finite
type and genus g ≥ 0 (i.e. Σ is obtained by removing a positive and finite number of points
from a genus g surface). We let L ⊂ (T ∗Σ, dλcan) be a Lagrangian submanifold which is
diffeomorphic to R2 and agrees outside a compact set with a fiber Fx for some x ∈ Σ.
We let (R4, ω) be the standard symplectic vector space, where ω = dx1 ∧ dy1 + dx2 ∧ dy2
with respect to the coordinates (x1, y1, x2, y2).
3.1. A standard model for Σ. It will be convenient to work with a standard model for the
abstract Riemann surface Σ. Since Σ is of finite type, its Euler characteristic is well-defined
and given by the formula χ(Σ) = 2− 2g − p, where p ≥ 1 is the number of punctures.
For j = 1, 2, ..., 2(2g + p− 1), let
Ij = {(y1, y2) ∈ R2 | y1 ∈ [j − 1/4, j + 1/4], y2 = −1}.
For k = 1, 2, . . . , 2g + p − 1, let Sk be an abstract manifold with corners equipped with an
identification
(3.1) Sk = {(u1, u2) ∈ R2 | |u1| ≤ 1/4, |u2| ≤ 1}.
Let S±k = {|u1| ≤ 1/4, u2 = ±1} ⊂ Sk. We view S±k as oriented 1-manifolds whose orientation
is inherited from the standard orientation on Sk.
Let Σ+ = {(y1, y2) ∈ R2 | y2 > −1} and let
ψ :
2g+p−1⊔
k=1
(S+k ⊔ S−k )→
2(2g+p−1)⊔
j=1
Ij ⊂ Σ+
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#g #(p− 1)
Figure 1. Any compact connected surface with nonempty boundary can be
realized as shown in the figure (here the boundary has smoothable corners),
where g ≥ 0 is the genus and p ≥ 1 is the number of components of its boundary
be an orientation-preserving diffeomorphism. We now write
(3.2) Σ = Σ+
⋃
ψ
(
g⊔
k=1
Sk
)
and define
(3.3) Σ = Σ
◦
.
It will be convenient to assume that ψ extends near each S±k to a Euclidean isometry (i.e.
translation and rotation) with respect to the coordinates (3.1). Hence the standard Euclidean
metric descends to Σ under the gluing map ψ.
It is elementary to show that every non-compact Riemann surface of finite-type is diffeo-
morphic to the Riemann surface which results from the above construction, for an appropriate
choice of ψ; see Figure 1. Hence there is no loss of generality in taking (3.2) and (3.3) as a
model for Σ. For the remainder of this section, we therefore assume that ψ is fixed and that
Σ is defined by (3.2) and (3.3). We may moreover assume without loss of generality that L
agrees outside a compact set with the fiber F0 over the point (0, 0) ∈ Σ+ ⊂ Σ.
Observe that there is an identification of symplectic manifolds
(T ∗Σ+, dλcan) ≃ {(x1, y1, x2, y2) | y2 > −1} ⊂ (R4, ω = dx1 ∧ dy1 + dx2 ∧ dy2)(3.4)
(b1dy1 + b2dy2)(a1,a2) 7→ (b1, a1, b2, a2).
We will routinely make this identification in the sequel without further note.
Finally, we let
(3.5) B := Σ− Σ.
Note that B is naturally a piecewise smooth 1-manifold, since Σ is a manifold with corners.
We let B0, B1, . . . , Bβ be an enumeration of the components of B for β ≥ 0. After possibly
relabeling, we may assume that B0 is homeomorphic to R while the other components are
homeomorphic to S1.
Given η < 1/100 and 1 ≤ k ≤ β, let
φηk : R/Z× (0, η)→ Σ
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be a smooth embedding which extends to a continuous embedding (R/Z× [0, η),R/Z×{0}) →
(Σ ∪Bk, Bk). Let φη0 : R× (0, η) → Σ be a smooth embedding which extends to a continuous
embedding (R× [0, η),R×{0}) → (Σ∪B0, B0), and such that φη0(x, t) = (x− 1, t) for |x| large
enough. The maps φηk define a “collar” around the boundary component Bk. We let
(3.6) Ση =
β⋃
k=0
Imφηk
be the union of the collars.
Finally, let us fix Riemannian metrics gk (for 0 ≤ k ≤ β) on imφηk having the following
properties:
(i) For k ≥ 1 (resp. k = 0), we have gk = ge on the set φηk(R/Z × (3η/4, η)) (resp. on
φη0(R × (3η/4, η))), where ge is the standard Euclidean metric on Σ. (Note in view of
our choice of gluing map ψ that ge is well-defined on Σ).
(ii) For k ≥ 1 (resp. k = 0), we have gk = (φηk)∗ge on the set φηk(R/Z× (η, η/4)) (resp. on
φη0(R×(η, η/4))), where ge now denotes the standard Euclidean metric on R/Z×(η, η/4)
(resp. on R× (η, η/4)).
We let gη be a Riemannian metric on Σ defined by setting
gη =
{
gk on Ση,
ge on Σ−Ση.
This metric will be important in the next section.
3.2. Construction of a hypersurface “with holes”. Recall from the previous section that
F0 ⊂ T ∗Σ denotes the fiber over the point (0, 0) ∈ Σ+ ⊂ Σ via the identification (3.4). Given
ǫ small enough, the symplectic neighborhood theorem provides a symplectic embedding
Φ0 : Opǫ(F0)→ T ∗Σ
with the property that:
• Φ0(F0) = L,
• Φ0 restricts to the identity on (T ∗Σ+ − (−M/2,M/2)4) ∩Opǫ(F0), for some M > 1.3
After possibly making M larger, we may assume that the image of [−M/2,M/2]4 ∩Opǫ(F0) is
contained in [−M/2,M/2]4. After possibly making η > 0 smaller, we may in addition assume
that Φ0(Opǫ(F0))∩ π−1(Ση) = ∅, where π : T ∗Σ→ Σ is the canonical projection (see (3.6) for
the definition of Ση). We view ǫ,Φ0,M, η as fixed for the remainder of this section.
Define the connected open set
X :=
(
T ∗Σ+ − [−M,M ]4
)⋃
Opǫ(F0)
⋃
π−1(Ση),
and let Φ : X → T ∗Σ be defined by
Φ(p) =
{
Φ0(p) if p ∈ Opǫ(F0)
p otherwise.
One readily checks that Φ is well-defined.
Choose C large enough (depending on ǫ,M) so that the sets
Wl = {x21 + (y1 + C)2 ≥ (C − ǫ/2)2, x21 + (y1 − C)2 ≥ (C − ǫ/2)2, x2 = l, y2 = 0}
3Given subsets A,B ⊂ Rn, we set A − B := {x ∈ Rn | x ∈ A & x /∈ B}, i.e. our notation does not require
that B ⊂ A.
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Figure 2. A slice {(x1, y1, x2, y2 | x2 = constant, y2 = 0}.
are contained in X for all l ∈ R. In particular, this means that the Lagrangian cylinders
L± := {x21 + (y1 ∓ C)2 = (C − ǫ/2)2, y2 = 0}
are also contained in X; see Figure 2.
Define τ± : R4 → R4 by τ±i (x1, y1, x2, y2) = (x1, y1 ± C, x2, y2). Let C1 := C − ǫ/2 and
define
F± := τ± ◦ F.
We remind the reader that our definition of F , which was stated in Section 2.2, depends on
C1.
Let us now return to the metric gη constructed at the end of Section 2.2. Noting that η
is now fixed, we let jS be the “Sasakian” almost-complex structure on T
∗Σ induced by the
metric gη, as described at the end of Section 2.2. Observe that jS restricts to the standard
integrable almost-complex structure on R4 away from π−1(Ση), since gη is just the standard
Euclidean metric on Σ− Ση (here, we are as usual using the identification (3.4)).
Next, fix ǫ˜ small enough (depending on ǫ,M,C) so that
Im
(
F±({‖(t, s)‖ ≤ 3ǫ˜}) ⊂ X,
and define an almost-complex structure J ′ on T ∗Σ− (L+ ∪ L−) by setting
(3.7) J ′ =
{
(τ±)∗J˜ in the image of F
±
i ({0 < ‖(t, s)‖ ≤ 3ǫ˜})
jS otherwise.
Using Lemma 2.16, it is straightforward to verify that J ′ is well-defined and compatible with
ω.
Finally, we fix an almost-complex structure J on T ∗Σ − Φ(L+ ∪ L−) which is compatible
with dλcan, and such that J = Φ∗J
′ in Φ(X − (L+ ∪ L−)).
It follows from Lemma 2.14 and the definition of J that this almost-complex manifold has
negative cylindrical ends around the Φ(L±) of the form
((−∞, 0] × Sǫ˜, Jcyl),
where Jcyl was defined in the paragraph following Lemma 2.14.
3.3. Filling the holes with pseudoholomorphic planes. In this section, we will consider
punctured holomorphic curves in the almost-complex manifold
(T ∗Σ− Φ(L+ ∪ L−), J).
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For σ ∈ ((−∞,−M ]∪ [M,∞)), let u±0,σ : C→ T ∗Σ−Φ(L+ ∪L−) be a J-holomorphic plane
whose image is the set {x21 + (y1 ∓ C)2 < (C − ǫ/2)2, x2 = σ, y2 = 0}. Such a plane is unique
up to reparametrization.
LetM± be the connected component of the moduli space of unparametrized J-holomorphic
planes in (T ∗Σ− Φ(L+ ∪ L−)) containing u±0,M . We compute the index of this component.
Lemma 3.1. Given a plane u ∈ M±, we have ind(u) = 1 and indc(u) = 1, where indc(−) is
the index for the moduli problem for planes constrained to be asymptotic to a fixed Reeb orbit
(see Section 2.1).
Proof. Note that this statement is morally obvious, since the index is a homotopy invariant
and the planes u±0,σ for σ ∈ ((−∞,−M ] ∪ [M,∞)) form a 1-dimensional family. However, we
give a rigorous argument for completeness.
First of all, if u is a pseudoholomorphic plane with asymptotic orbits in a Morse-Bott
submanifoldX, then it follows from (2.4) and (2.5) that ind(u)−(dim(X)−1) = indc(u). Hence
it is enough for us to prove that ind(u) = 1. Since the index is invariant under homotopies,
we only need to compute the index of u±0,M . By combining Definition 2.7 and Lemma 2.15,
we find that it is enough to verify that cΦ1 (u
±
0,M ) = 1, where Φ is the trivialization defined in
Lemma 2.15.
To do this, consider the map (r±, θ±) 7→ (r, θ, x2 = M,y2 = 0), where r± = (x21 + (y1 ∓
C2))1/2 and θ± = tan−1((y1 ∓ C2)/x1). Then ∂r± ∧ ∂θ± ∧ ∂x2 ∧ ∂y2 is a trivialization of
det((u±0,M )
∗T (T ∗Σ)) which is asymptotically constant with respect to Φ, and which vanishes
to order 1 as r± → 0. 
Let (M±)reg ⊂ M± be the open subset of transversally cut-out planes. Since the planes
under consideration are asymptotic to a primitive closed geodesic and are therefore simply
covered, the reparametrization group acts freely. It follows that (M±)reg is a smooth 1-
dimensional (Hausdorff) manifold; see [23, Thm. 0].
We let U± ⊂ (M±)reg be the connected component containing u±0,M .
It will be useful to record the following lemma, which shows that the elements of U± are
also transverse for a constrained moduli problem.
Lemma 3.2. Given a plane u ∈ U±, the linearization of ∂J at u through planes whose asymp-
totic orbit is fixed is surjective.
Proof. We first view u as a plane with an unconstrained puncture. It’s clear that the standard
plane u±0,M has vanishing Siefring self-intersection number. Indeed, for t > 0, the plane u
±
0,M+t
is disjoint from u±0,M and shares no asymptotic orbit with it, so this follows by combining
(1) and (2) in Fact 2.11. Since the Siefring intersection number is constant in families (see
Fact 2.11 (1)), the other planes in U± also have vanishing Siefring self-intersection number.
Note next that these planes must have vanishing normal Chern number: indeed, since the
normal Chern number is invariant in families, it is enough to check that cN (u
±
0,M ) = 0. But
by definition, we have cN (u
±
0,M ) = ind(u
±
0,M )− 2 + #Γ0 = 1 − 2 + 1 = 0, where we have used
Lemma 3.1 and Lemma 2.15. It follows from the adjunction formula (Fact 2.12) that all the
planes are all embedded. In particular, u is embedded.
We now view u as a plane with a constrained puncture. We then have indc(u) = 0 while
Definition 2.9 implies that 2ccN (u) = #Γ
c
0 − 2 ≤ −1. It follows that ccN (u) < indc(u), so
the desired conclusion follows by automatic transversality (Fact 2.13). (The notation (−)c is
intended to emphasize that we are working with a constrained puncture.) 
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Let Γ± be the manifold of closed, simple and positively oriented geodesics of the Lagrangian
cylinder Φ(L±) ⊂ T ∗Σ. There is an identification
γ± : R
∼−→ Γ±
which takes l ∈ R to the unique geodesic in Γ± which passes through Φ ◦ F±(0, 0, l, 0).
Let (ev∂)
± :M± → Γ± be the asymptotic evaluation map (see [26, A.2.]) and define
Ψ± : U±i → R
u 7→ (γ±)−1 ◦ (ev∂)±.
Since U± consists of transversally cut out planes by definition, it follows that (ev∂)± and hence
Ψ± are local diffeomorphisms; cf. [9, Prop. 5.11(i)].
Remark 3.3. The target of the asymptotic evaluation map defined in [26, A.2.] is in fact
a line bundle E± over Γ±. Our asymptotic evaluation map is obtained by composing the
map in [26, A.2.] with the projection E± → Γ±. To verify that the composition is a local
diffeomorphism, one needs to establish as in [9, Prop. 5.11(i)] that the elements of U± are
transverse for the moduli problem with constrained orbit as well as for the moduli problem
where the orbits allowed to vary in the Morse-Bott family. This is why we need Lemma 3.2.
We wish to show that Ψ± is in fact a diffeomorphism. This will be deduced from the
following sequence of lemmas.
Lemma 3.4. The map Ψ± is injective.
Proof. Suppose that u, v ∈ U± are asymptotic to the same Reeb orbit γ. We wish to show that
u = v (up to reparametrization). Suppose for contradiction that u 6= v. As observed in the
proof of Lemma 3.2, the Siefring self-intersection number of the standard plane u±0,M vanishes.
Since U± is connected and contains u±0,M , it follows that u ∗ v = 0. On the other hand, an
argument originally due to Hind and Lisi (see [16, Thm. 4.2] as well as [9, Lem. 5.13]) shows
that u∗v > 0 if both planes are asymptotic to the same Reeb orbit. The idea is that u, v differ
asymptotically by an eigenfunction of the asymptotic operator Aγ with positive eigenvalue
(this is a consequence of the asymptotic convergence formulas alluded to in Section 2.1). Such
eigenfunctions turn out to have positive winding number, which means that a small pushoff of
v will intersect u positively. This proves the claim. 
By combining Lemma 3.4 with the previously observed fact that Ψ± is a local diffeomor-
phism, we conclude that Ψ± : U± → R is a smooth embedding.
The same argument as in Lemma 3.4 also gives the following statement, which will be useful
later.
Lemma 3.5. Given |σ| ≥M , the plane u±0,σ is the unique J-holomorphic plane asymptotic to
the geodesic γ±(σ).

Our next task is to show that Ψ± has closed image. To this end, it will be useful to introduce
certain barriers which provide restrictions on holomorphic planes escaping to infinity.
Let f : R≥0 → [0, 1/2] ⊂ R be a non-decreasing function with the property that f(x) =
√
x
for x ∈ [0, 1/2]. Let us now consider the hypersurfaces (see Figure 3)
H+ = {(x1, y1, x2, y2) ⊂ T ∗Σ+ | x2 ≥ 2M, |y2| = f(x2 − 2M)},
H− = {(x1, y1, x2, y2) ⊂ T ∗Σ+ | x2 ≤ −2M, |y2| = f(2M − x2)}.
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Figure 3. The projection of the Levi-flat hypersurface H to the (x2, y2)-plane.
Observe that we can view H± as being contained in the set {(x1, y1, x2, y2) | y2 ≥ −1/2} ⊂
T ∗Σ+ ⊂ T ∗Σ. We let H = (H+∪H−)−Φ(L+∪L−) = (H+ ∪H−)− (L+∪L−). Let us record
the following important lemma.
Lemma 3.6. The hypersurface H is foliated by J-holomorphic planes.4 Moreover, T ∗Σ − H
consists of three connected components. We can uniquely label these components V+,V,V− by
requiring that H+ (resp. H−) separates V and V+ (resp. V and V−).
Proof. Observe that the planes {(x1, y1, x2, y2) | y2 = ±f(x2 −M)} are J-holomorphic, for
each fixed (x2, y2). This is immediate from the observation (cf. Lemma 2.16) that J preserves
the splitting {∂x1 , ∂y1} ⊕ {∂x2 , ∂y2} in the region {(x1, y1, x2, y2) | y2 ≥ −1/2, |x2| ≥ M} ⊂
T ∗Σ+ ⊂ T ∗Σ. The fact that T ∗Σ − H consists of three connected components is clear from
the definition of H. 
We now proceed to the key compactness result of this section. As a small piece of notation,
given s ∈ ImΨ± ⊂ R, let us write u±s := (Ψ±)−1(s).
Lemma 3.7. The image of U± under Ψ± is closed as a subset of R.
Proof. We prove that the image of U+ under Ψ+ is closed since the other case is analogous.
Since Ψ+ is an embedding, it is enough to prove that given any interval (a, b) ⊂ ImΨ+, we
have [a, b] ⊂ ImΨ+. Let us show that b ∈ ImΨ+ and leave the other endpoint to the reader.
We may as well also assume that b ∈ [−M,M ], since otherwise the claim follows trivially from
Lemma 3.5.
Choose a sequence sj → b with sj ∈ (a, b) and consider the sequence of planes u+sj . We wish
to show that these planes are contained in a uniformly bounded domain (i.e. independent of
sj). We will treat separately boundedness in the fiber and base directions.
The fibers: Recall from Lemma 2.18 that
Sr := {(q, p) ∈ T ∗Σ | 〈p, p〉gη = r} ⊂ T ∗Σ
is pseudoconvex with respect to jS , for any r > 0. Let H : T
∗Σ → R be the function
H(q, p) := 〈p, p〉gη . Choose N > 100max(M,C). Suppose that maxH ◦ u+sj = R ≥ N2 and is
achieved at some point P = u+sj(p), for p a point in the domain of u
+
sj .
Let us first assume that P is contained in the region {(x1, y1, x2, y2) | |y2| < 1/4} ⊂ T ∗Σ+.
We write P = (Px1 , Py1 , Px2 , Py2). According to Lemma 3.6 and positivity of intersection,
the curve u+sj cannot cross H and must therefore be contained entirely in V. It follows that
4Strictly speaking, when y2 = 0, the plane is “broken” and consists of three components.
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|Px2 | < 2M + 1, and hence |Px1 | > N2 − (3M)2 > N2/2. Hence J = jS near P . Hence SR is
J-convex near P , which gives a contradiction.
If P ∈ T ∗Σ contained in the complement of the region {(x1, y1, x2, y2) | |y2| < 1/4}, then
J = jS near P by definition of J . In particular, SR is J-convex near P , which again gives a
contradiction. We conclude that u+sj cannot cross the hypersurface SN2 , i.e. u+sj is bounded in
the fiber directions.
The base: Let us first consider the function πy1 ◦u+sj , which is well defined on (u+s )−1(T ∗Σ+).
Observe that the hypersurfaces {y1 = C} ⊂ T ∗Σ are Levi-flat with respect to J if |C| ≥ N
(indeed, J = j in that region). It follows that |πy1 ◦ u+sj | < N .
A similar argument show that πy2 ◦u+sj < N . It remains to argue that u+s cannot approach B
(see (3.5)). This is a consequence of the fact that gη = (φ
η
k)∗(ge) in the region φ
η
k(R/Z×(0, η/4))
for 1 ≤ k ≤ β (resp. in the region φη0(R × (0, η/4)). Indeed, for 0 < c < η/4, we find that the
hypersurfaces π−1(Imφηk(−, c)) are foliated by JS-holomorphic curves. Hence the u+sj cannot
touch them.
We conclude that the u+sj are contained in a uniformly bounded domain. Hence we can
apply the SFT compactness theorem (see Section 2.1).
For area reasons, the limit building consists of a single plane v ∈ M+. Moreover, since
u+sj ∗ u+sj = 0, it follows that v ∗ v = 0. Noting that v must have vanishing normal Chern
number (since the u+sj do), it follows from the adjunction formula for punctured holomorphic
curves (see Fact 2.12) that v is embedded. It then follows from automatic transversality (see
Fact 2.13) that v is transversally cut out. Hence v ∈ U+ and Ψ+(v) = b. 
By putting to together the previous lemmas, we find that Ψ± is a smooth embedding of U±
whose image is closed. It follows that Ψ± is surjective, and hence a diffeomorphism. We state
this as a corollary.
Corollary 3.8. The map Ψ± is a diffeomorphism.

For l ∈ R, let W ′l := Φ(Wl), where Wl was defined in Section 3.2. Noting that Wl ⊂ X and
J = Φ∗J
′ in Φ(X), one can check that W ′l is J-holomorphic. Positivity of intersection and the
invariance in families of the intersection number then implies the following properties which
we collect as a lemma.
Lemma 3.9. The following properties hold:
(i) W ′l1 ∩ u±l2 = ∅ for any l1, l2 ∈ R.
(ii) u+l1 ∩ u−l2 = ∅ for any l1, l2 ∈ R.
(iii) u+l1 ∩ u+l2 =
{
u+l1 if l1 = l2,
∅ otherwise.
(iv) The analog of (iii) holds with “−” in place of “+”.

Let ev± : U±×C→ T ∗Σ be the evaluation map and let ev± : U±×D2 → T ∗Σ be its natural
compactification. Note that ev± is smooth in the interior and continuous at the boundary.
The smoothing procedure from [9, Sec. 5.3] allows us to deform ev± to a smooth embedding.
This is the content of the following proposition.
Proposition 3.10 (Smoothing procedure). There exists a smooth map e˜v± : U±×D2 → T ∗Σ
which agrees with ev± outside a compact set. Viewing e˜v± as a map R ×D2 → T ∗Σ via the
identification Ψ± : U± → R, we have the following properties:
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(i) The sets Σl :=
(
e˜v+(u+l ,D
2) ∪W ′l ∪ e˜v−(u−l ,D2)
)
are codimension 2 embedded sym-
plectic surfaces.
(ii) For l1, l2 ∈ R, we have Σl1 ∩ Σl2 =
{
Σl1 if l1 = l2
∅ otherwise.
(iii) For |l| > M , we have that Σl = {x2 = l, y2 = 0} ⊂ R4.
(iv) For any l ∈ R, we have that Σl ∩ {max{|x1|, |y1|} > M + 1} = {max{|x1|, |y1|} >
M + 1, x2 = l, y2 = 0}.
Proof. The proof is essentially identical to that of [9, Prop. 5.16]. The only difference is that
[9, Prop. 5.16] applies to a compact moduli space of planes, whereas the moduli spaces we are
considering here are non-compact. However, it follows easily using the same argument as in
Lemma 3.4 that the u±l are standard for |l| > M . This means that we have uniform control
on the rate at which the planes in our families converge to Reeb orbits at the puncture. In
particular, the estimates of [9, Lem. 5.14] hold. These estimates are the only place where the
compactness of the family was used in the proof of [9, Prop. 5.16].
We can therefore apply the argument of [9, Prop. 5.16]. This provides deformations of the
holomorphic planes so that (i) and (ii) are satisfied. The remaining properties (ii) and (iii)
now follow directly from the definitions. 
Corollary 3.11. There is a smooth codimension one hypersurface Q :=
⋃
l∈RΣl which contains
L and is naturally foliated by the Σl.

3.4. Completion of the proof. We start by recalling some general facts from symplectic
geometry. Consider a hypersurface H2n−1 in a symplectic manifold (M2n, ω). There is a
one-dimensional distribution
kerω|TH ⊂ TH
called the characteristic distribution.
Suppose now that we have a symplectic fibration Π : H → R (i.e. a smooth fiber bundle
whose fibers are symplectic with respect to the restriction of ω). Then the fibers are transverse
to the characteristic distribution. Assuming that the fibration is suitably well-behaved at
infinity (so that we can integrate horizontal vector fields), we can define a parallel transport
map Π−1(l0) → Π−1(l1) for l1, l2 ∈ R. It is a well-known fact, which can easily be checked
using the Cartan formula, that parallel transport induces symplectomorphisms between the
different fibers.
Suppose now that Λ ⊂ H ⊂ (M,ω) is a Lagrangian submanifold. Then
Λ ∩Π−1(l0) ⊂ (Π−1(l0), ω|TΠ−1(l0))
is itself a Lagrangian submanifold of one dimension lower than Λ (indeed, note that Π−1(l0)
and Λ must intersect transversally as submanifolds of H). The intersections of the Lagrangian
Λ with the other fibers of Π are then given as the image of Λ ∩ Π−1(l0) under parallel trans-
port. Observe that the converse also holds, i.e. any Lagrangian submanifold of a given fiber
(Π−1(l0), ωcan|TΠ−1(l0)) gives rise to a Lagrangian submanifold of (M,ω) contained in H by
extending it to a submanifold which is tangent to the characteristic distribution.
If (M4, ω) is a symplectic 4-manifold, then any real one-dimensional curve in Π−1(l0) is
automatically Lagrangian. This makes Lagrangians in H ⊂M4 particularly easy to understand
and construct: indeed, by the argument above, they are determined by a one-dimensional curve
inside any one of the fibers.
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Let us now specialize the above discussion to the case which is relevant from proving Theo-
rem 1.1. By modifying the hypersurface Q ⊂ T ∗Σ obtained in Corollary 3.11, we will construct
a hypersurface Q˜ ⊂ T ∗Σ satisfying the following three properties.
(P1) There is a smooth symplectic fibration Q˜ → R whose symplectic fibers Σ˜l are proper
embeddings R2 →֒ T ∗Σ, and such that the fiber over l ∈ R coincides with the symplectic
plane
(3.8) {x2 = l, y2 = 0} ⊂ T ∗Σ
outside of a compact subset. In addition, there exists N ≥ M > 0 (where M was
defined in Section 3.1) so that the fibers for |l| ≥ N coincide with the planes (3.8).
(P2) The Lagrangian L is contained in Q˜ (and consequently the characteristic distribution
of Q˜ is tangent to L).
(P3) The Lagrangian submanifolds χs ⊂ Q˜ which are uniquely determined by the require-
ment that
χs ∩ Σ˜−N = {y1 = s, x2 = −N, y2 = 0} =: ℓs
satisfy
χs ∩ Σ˜N = {y1 = s, x2 = N, y2 = 0}
for any s ≥ 0.
It follows from the above discussion that the χs are diffeomorphic to R
2 and that χ0 = L
(indeed, χ0 ∩ Σ˜−N = ℓ0 = L ∩ Σ˜−N , since N ≥M).
An immediate consequence of (P1) is that the characteristic distribution of Q˜ is equal to
R ·∂x2 outside of a compact subset. The parallel transport from the fiber over −N to the fiber
of N will be called the symplectic monodromy map
µ : Σ˜−N → Σ˜N .
Note that it follows from (P1) that µ has compact support. Since L ∩ Σ˜−N = ℓ0 = {y1 =
0} ∩ Σ˜−N , it follows from (P1) and (P2) that µ(Σ˜−N ∩ {y1 = 0}) = Σ˜N ∩ {y1 = 0} = Σ˜N ∩ L.
Using now (P3), the sought Lagrangian isotopy that unknots L is easy to construct: all that one
has to do is to translate the Lagrangian planes χs appropriately in order to make the family
compactly supported. The detailed argument will be given in Corollary 3.13. We remark
that the general technique for constructing isotopies of Lagrangians using the characteristic
distribution of a hypersurface is known to experts, and appears in particular in [11].
We now explain how to construct Q˜ from Q. Observe that Corollary 3.11 furnishes an
obvious symplectic fibrationQ→ R with fibers Σl. The fibers are standard at infinity according
to Proposition 3.10, so we have a well-defined parallel transport map Σl → Σl′ for l, l′ ∈ R.
Let us now set M ′ :=M + 2.
Let µ+ denote the restriction the parallel transport map Σ−M ′ ∩{y1 ≥ 0} → ΣM ′ ∩{y1 ≥ 0}
(observe that this is well defined since L ⊂ Q and L is preserved by the characteristic flow).
According to [9, Lem. 6.8], µ+ is generated by a family of compactly supported Hamiltonians
{Ht}t∈[0,1] on {(x1, y1) | y1 ≥ 0} which vanish on {y1 = 0} and such that Ht ≡ 0 for t near
{0, 1}. We will use this Hamiltonian to deform Q via the “symplectic suspension” construction,
that we now outline.
Given R > 0, let HRt :=
1
RHRt. Let φ
HR
t be the associated Hamiltonian flow where t ∈ [0, R].
Set x′2 := x2 −M ′.
We now fix R large enough so that |HRt | < 1/2.
Lemma 3.12. We have a symplectic embedding
Θ : T ∗Σ+ ∩ {M ′ ≤ x2 ≤M ′ +R, y2 > −1/2} → T ∗Σ+ ⊂ T ∗Σ
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given by setting Θ(x1, y1, x2, y2) = (φ
HR
x′
2
(x1, y1), x2, y2 +H
R
x′
2
).
Proof. Note first of all that this map is well-defined due to our assumption that |HRt | < 1/2
and the definition of Σ+ ⊂ Σ in Section 3.1.
We let φxx′
2
= πx1 ◦ φH
R
x′
2
and let φy
x′
2
= πy1 ◦ φH
R
x′
2
. We also denote differentiation in x′2 by a
dot.
We now compute
Θ∗ω = ∂x1φ
xdx1 ∧ dy1 + ∂y1φydx1 ∧ dy1 + φ˙xdx2 ∧ dy1 + φ˙ydx1 ∧ dx2 + dx2 ∧ dy2+
dx2 ∧ (∂x1HRx′
2
dx1 + ∂y1H
R
x′
2
dy1)
= (∂x1φ
xdx1 ∧ dy1 + ∂y1φydx1 ∧ dy1 + dx2 ∧ dy2) + φ˙xdx2 ∧ dy1 + φ˙ydx1 ∧ dx2+
dx2 ∧ (φ˙ydx1 − φ˙xdy1)
= ω.

Now let
Q˜ =
{
Q for x2 ∈ R− [M ′,M ′ +R],
ImΘ(Q ∩ {N ≤ x2 ≤M ′ +R}) for x2 ∈ [M ′,M ′ +R].
Since Ht ≡ 0 for t near {0, 1}, it follows that Q˜ is a smooth hypersurface which agrees with
Q outside a compact set.
Proof that Q˜ satisfies (P1)–(P3). First of all, Corollary 3.11 implies that (P1) and (P2) are
satisfied by Q. Since the Hamiltonian Ht has compact support, it follows from the construction
that these properties are still satisfied by Q˜ with N =M ′ +R.
Property (P3) is a consequence of the stronger claim that the monodromy map µ for Q˜
restricts to the identity on the set {y1 ≥ 0, x2 = −N, y2 = 0} ⊂ Σ˜−N . This stronger claim
is in turn a consequence of Lemma 3.12. Indeed, the fact that Θ is a symplectomorphism
implies that the characteristic distribution of Q is mapped to the characteristic distribution of
Q˜ under Θ; in other words, the monodromy map of Q˜ is obtained from that of Q by simply
post-composing with the restriction Θ|ΣM′+R . 
Having proved that Q˜ satisfies (P1)–(P3), we obtain the following corollary, which imme-
diately implies Theorem 1.1 (recall from Section 3.1 that we may assume without loss of
generality that x = 0 in the statement of Theorem 1.1).
Corollary 3.13. There exists a compactly supported Hamiltonian isotopy of (T ∗Σ, dλcan) tak-
ing L to F0.
Proof. For s ≥ 0, recall that ℓs ⊂ Q˜ is the line ℓs := {y1 = s, x2 = −3N, y2 = 0}. We also have
that χs ⊂ Q˜ is a Lagrangian plane which is standard at infinity and is obtained as the image
ℓs under the characteristic flow. Finally, we have that χ0 = L and that χs0 = {y1 = s0, y2 =
0} ⊂ Q˜ for s0 large enough.
Let σ+ : [0, s0] × Σ+ → Σ+ be a compactly supported isotopy with the property that
σ+s (s, 0) = (0, 0) and that σs(y1, α) = (y1, α) if α ∈ [−1,−1/2]. Observe that σ+ extends to
an isotopy σ : [0, s0]× Σ→ Σ which is the identity on Σ− Σ+.
We now consider the induced isotopy σ∗ : [0, s0] × T ∗Σ → T ∗Σ. Observe that s 7→ σ∗s(χs)
defines a smooth family of Lagrangian submanifolds which are diffeomorphic to R2 and fixed
set-wise outside a compact set. Choose a compactly supported smooth isotopy of T ∗Σ which
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gives rise to the family σ∗s(χs) of embedded submanifolds. The infinitessimal generator ζt ∈
Γ(TT ∗Σ) of the ambient isotopy satisfies the property that
αs := −(ιζsωcan)|Tσ∗s (χs)
is a smooth family of compactly supported one-forms on σ∗s(χs). By Cartan’s formula, we have
dαs = −(Lζsω)|Tσ∗s (χs) = 0, where the last equality follows since σ∗s(χs) is Lagrangian. Thus
the αs are closed. Since H
1
c (R
2;R) = 0 it follows that there is a smooth family of compactly
supported smooth functions
Ht : σ
∗
s(χs)→ R
for which dHt = αt. An arbitrary compactly supported extension of Ht to T
∗Σ now gives rise
to the desired Hamiltonian isotopy. 
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